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Abstract
In 1977, Alter and Wang (Uniquely intersectable graphs, Discrete Math. 18 (1977) 217{226)
introduced the concept of unique intersectability of a graph. They showed that triangle-free is a
sucient condition for a graph to be uniquely intersectable. In 1990, Tsuchiya (On intersection
graphs with respect to antichains (II), Utilities Math. 37 (1996) 29{44) studied the concept of
unique intersectability with respect to antichains and showed that triangle-free is also a sucient
condition for a graph to be uniquely intersectable with respect to antichains. In this paper we
generalize the above results by proving that if a graph is diamond-free and twins-free, then it
is uniquely intersectable and if a graph is diamond-free and nonpendant brothers-free, then it
is uniquely intersectable with respect to antichains. Also we characterize diamond-free graphs
that are uniquely intersectable and the line graphs of triangle-free graphs that are uniquely
intersectable. We also consider the concept of unique intersectability with respect to multifamilies
and obtain a characterization of such graphs. c© 1999 Elsevier Science B.V. All rights reserved.
Keywords: Intersection graphs; Uniquely intersectable graphs
1. Introduction and terminology
For a given graph G, nding a minimum size clique covering and a minimum size
clique partitioning of the edgeset of G are two well-studied problems in graph theory.
For a given graph G, the problem of nding a minimum cardinality set S such that
the graph is isomorphic to the intersection graph of a family of subsets of S extends
both these problems if we place appropriate restrictions for the types of permissible
subsets of S. Thus the study of intersection graphs with dierent types of restrictions on
the family of subsets dened on the vertex set is interesting and provides insight into
the clique covering and clique partitioning problems as well. In this paper, we bring
together several types of restrictions that were studied in the literature and extend some
of the known results.
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All graphs considered are nite, undirected and simple, and p denotes the number
of vertices of a given graph. An isomorphism from G to itself is an automorphism of
G. For any positive integer n, the set f1; 2; : : : ; ng is denoted by [n]. If G and H are
two graphs, then G is said to be H-free if it contains no induced subgraph isomorphic
to H . Pk denotes a path on k vertices. For terminology not dened here, see [6,11].
Let  be a family of nonempty subsets 1; : : : ; p of a nite set S. We dene the
intersection graph with respect to this family , denoted 
(S; ) as the graph with
vertex set fv1; : : : ; vpg where i corresponds to the vertex vi; (i = 1; : : : ; p) and two
vertices vi and vj are adjacent if and only if i \ j 6= ;. If a graph G is isomorphic
to 
(S; ) then we say that:
1.  is a distinct family realization or simply a family realization of the graph G if
 is a family of distinct subsets of S. If in addition, all the sets in  have same
cardinality, then  is a uniform family realization;
2.  is an antichain realization of G if  is an antichain with respect to set inclusion;
3.  is a multifamily realization of G if the sets in  need not be distinct. If in
addition, all the sets in  have same cardinality, then  is a uniform multifamily
realization.
Intersection graphs were rst introduced and studied in [5]. Antichain realization was
introduced in [9]. It is well known and easy to see [9] that every graph is isomorphic to
an intersection graph 
(S; ), where  can be required to be an antichain, a (uniform)
family or a multifamily realization of the graph. Therefore it makes sense to dene the
following notions.
1. The intersection number of G, denoted w(G), is the minimum cardinality of S for
which G has a family realization .
2. The antichain intersection number of G, denoted wa(G), is the minimum cardinality
of S for which G has an antichain realization .
3. The multifamily intersection number of G, denoted wm(G), the uniform intersection
number of G, denoted wu(G), and the uniform multifamily intersection number of
G, denoted wum(G) are also dened similarly.
Note that in considering various intersection numbers, we can assume without loss
of generality that S = S() =
S
16i6p i.
Remark 1.1. Clearly wm(G)6w(G)6wa(G)6wu(G).
1. A graph G is said to be uniquely intersectable (ui) if given a set S with jSj=w(G)
and any two families ,  of subsets of S such that  and  are both family
realizations of G, then  can be obtained from  by a permutation of elements of S.
2. Similarly G is said to be uniquely intersectable with respect to antichains (uia) if
given a set S with S = wa(G) and any two families ,  of subsets of S such that
 and  are both antichain realizations of G, then  can be obtained from  by a
permutation of elements of S.
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Fig. 1.
3. The concepts uniquely intersectable with respect to multifamilies (uim), uniquely
intersectable with respect to uniform families (uiu) and uniquely intersectable with
respect to uniform multifamilies (uium) are also dened similarly.
In this paper we extend the results of the following two Theorems.
Theorem 1.2 (Alter and Wang [1]).Every triangle-free graph is uniquely intersectable.
Theorem 1.3 (Tsuchiya [9]). Every triangle-free graph is uniquely intersectable with
respect to antichains.
Given a graph G, we denote by N (v) the set of vertices adjacent to the vertex v.
The degree of a vertex v, denoted deg(v) equals jN (v)j. An edge whose one end is a
vertex of degree one is called a pendant edge. We say that two adjacent vertices u and
v are twins if N (u)−fvg=N (v)−fug; they are brothers if N (u)−fvgN (v)−fug
or N (u) − fvgN (v) − fug; and if in addition both N (u) − fvg, N (v) − fug are
nonempty, we call them non-pendant brothers. A graph is twins-free if it contains no
twins and is (non-pendant) brothers-free if it contains no (non-pendant) brothers. The
graph obtained by deleting an edge from K4 is called a diamond (see Fig. 1). Observe
that wm(K2) = 1 = wum(K2), w(K2) = 2 and wa(K2) = 3 = wu(K2). So, without loss of
generality, we often make the following assumption.
Assumption 1. The graph G is connected with at least three vertices.
In later sections we deal with uniquely intersectability of some classes of graphs.
Remark 1.4. Note that triangle-free implies non-pendant brothers-free, and brothers-free
implies twins-free. Under Assumption 1, non-pendant brothers-free also implies twins-
free. Also triangle-free clearly implies diamond-free. Thus we generalize Theorems 1.2
and 1.3 above.
We also characterize the diamond-free graphs that are uniquely intersectable, and
the line graphs of triangle-free graphs that are uniquely intersectable. However, the
problem of characterizing all graphs that are uniquely intersectable remains open.
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2. Some structural properties
We easily obtain the following result.
Proposition 2.1. Let =f1; : : : ; pg be a multifamily realization of a graph G where
i corresponds to the vertex vi; 16i6p. Then
1. if i j; then vi; vj are brothers and
2. if i = j; then vi; vj are twins.
Remark 2.2. Note that under Assumption 1, we have the following graphical interpre-
tations for twins-free graphs and brothers-free graphs:
1. a graph G is twins-free if and only if every edge of G belongs to an induced P3
(see Fig. 1);
2. a graph G is brothers-free if and only if every edge of G either belongs to a square
or is the middle edge of an induced P4 (see Fig. 1); and
3. a graph G is non-pendant brothers-free if and only if every edge of G is either a
pendant edge or the middle edge of P4 or belongs to a square.
Note that twins-free graphs and (non-pendant) brothers-free graphs can be recognized
in O(p3)-time: for each edge, one needs to scan all the remaining vertices.
By Proposition 2.1, we obtain the following.
Proposition 2.3. If G is twins-free; then
1. wm(G) = w(G) and
2. G is uim if and only if G is ui.
It is easy to see that as in Remark 1.1, wm(G)6wum(G)6wu(G) and hence, similar
to Proposition 2.3 we have that
Proposition 2.4. If G is twins-free; then
1. wum(G) = wu(G) and
2. G is uium if and only if G is uiu.
In [4], it was shown that for any graph G, wu(G)6p(G) − q, and for p>4,
wu(G)=p(G)−q if and only if G is triangle-free and the set of non-maximum-degree
vertices is independent, where (G) is the maximum degree of G and q is the number
of edges in G; and also if G is triangle-free and the set of non-maximum-degree
vertices is independent, then G is uiu. Therefore we get:
Corollary 2.5. For any graph G with p>4; wum(G) =p(G)− q if and only if G is
triangle-free and the set of non-maximum-degree vertices is independent. Moreover
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if G is triangle-free and the set of non-maximum-degree vertices is independent; then
G is uium.
A brothers-free graph is twins-free and a family realization of brothers-free graph is
an antichain. So, we have the following result.
Proposition 2.6. Suppose G is brothers-free; then
1. wm(G) = w(G) = wa(G) and
2. G is uim if and only if G is ui if and only if G is uia.
Proposition 2.7. Suppose G satises Assumption 1 and is non-pendant brothers-free;
then
1. wm(G)=w(G)=wa(G)−p1 where p1 is the number of vertices of degree one in
G and
2. G is uim if and only if G is ui if and only if G is uia.
Proof. Since under Assumption 1, non-pendant brothers-free implies twins-free, and
since the fact that wm(G) = w(G) and the fact that uim if and only if ui have been
proved in Proposition 2.3, it suces to show that wm(G) = wa(G)− p1 and that ui if
and only if uia. For  any antichain realization of size wa(G), we have that for each
vertex vi of degree one, there is an element of S in i only, say evi . Let
S 0 = S − feu j deg(u) = 1g;
0i =

i − fevig if deg(vi) = 1;
i otherwise:
Then 0 is a family realization of G (under Assumption 1: G is not K2) and hence
w(G)6wa(G)−p1. On the other hand, for  any family realization of G of size w(G),
we have that for each vertex vi of degree one, i j where vj is the brother of vi.
Then G ’ 
(T; ), where
T = S [ feu j deg(u) = 1g;
i =

i [ fevig if deg(vi) = 1;
i otherwise:
Then  is an antichain as G is non-pendant brothers-free. Hence w(G)>wa(G)− p1,
proving that w(G) = wa(G)− p1.
To show that ui implies uia, assume that G is ui and let G ’ 
(S; ) ’ 
(S; )
where  and  are two antichain realizations of G with jSj = wa(G). Then as above,
one can construct two family realizations 0 and 0 of size jS 0j=w(G) =wa(G)−p1,
starting with  and , respectively. Since G is ui, 0 can be obtained from 0 by
a bijection from S 0(0) to S 0(0). Extend this bijection to all the elements of S, by
associating eu of S 0(0) with e(u) of S 0(0) for each vertex u of degree one. This
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denes a permutation on S by which  can be obtained from . Thus ui implies uia.
To show that uia implies ui, assume that G is uia and let G ’ 
(S; ) ’ 
(S; ) where
 and  are two family realizations with jSj = w(G). Using the construction above,
we have two antichain realizations 0, 0, and a set S 0 with p1 more elements, i.e.,
jS 0j=w(G) +p1 =wa(G), so that 0 can be obtained from 0 by a permutation on S 0.
Such a permutation clearly maps eu of 0 with e(u) of 0 for each vertex u of degree
one. Therefore  can be obtained from  by the same permutation restricted to S.
A clique in a graph is a set of vertices such that every two of them are adjacent. The
complete graph induced by a clique is also called a clique. An edge clique cover of a
graph is a set of cliques of the graph such that every edge of the graph is contained
in a clique of that set. A minimum clique cover is a clique cover with least number
of cliques. The problem of computing a minimum edge clique cover for an arbitrary
graph is NP-hard [7,8].
We get the following result by the denition of a diamond.
Proposition 2.8. A graph G is diamond-free if and only if every edge of G is in
a unique maximal clique. Further if G is diamond-free then there exists a unique
minimum edge clique cover consisting of all the maximal cliques of G.
Observe that if a connected graph G with at least 4 vertices has a triangle then the
edges of the triangle and any other edge incident with it induce in L(G) a diamond.
Thus the following proposition is easily veried.
Proposition 2.9. A connected graph G with p>4 is triangle-free if and only if its
line graph L(G) is diamond-free.
Notice that the existence of unique minimum edge clique cover does not guarantee
that the graph is diamond-free. In fact, diamond itself has a unique minimum edge
clique cover. The problem of characterizing all graphs with unique minimum edge
clique cover remains open.
3. Main results
Two clique covers fQ1; : : : ; Qng and fQ01; : : : ; Q0ng of a graph G are said to be iso-
morphic if there exists an automorphism A of G and a permutation  on [n] such that
A(Qi) = Q0(i) for i = 1; : : : ; n.
It is well known [5] and easily veried that given an edge clique cover of a graph G,
if we associate with each vertex the set of cliques from the cover that are incident with
it, then G is realized by the family of these sets, and conversely given a realization
of a graph, the set of all vertices containing a specic element in the sets associated
with them will form a clique and all such cliques together form an edge clique cover
of the graph. By this fact, we have Theorem 3.1 below. It follows that wm is the size
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of a minimum edge clique cover. We show below that a graph that is uim need not
have a unique edge clique cover, but any two minimum edge clique covers must be
isomorphic.
Theorem 3.1. A graph G is uim if and only if it has a unique minimum edge clique
cover upto isomorphism.
Using Theorem 3.1, we obtain the following results.
Theorem 3.2. Every diamond-free graph is uim.
Remark 3.3. In [2,3] Bylka and Komar studied intersection multigraphs, which have
an additional restriction that the number of parallel edges between two vertices is equal
to the cardinality of the intersection of corresponding sets. With that restriction, one
can similarly dene the intersection number and the unique intersectability as in the
case of intersection graphs. Let multiple uim, multiple ui or simply muim, mui be
the concepts analogous to uim and ui in the case of multigraphs. Notice that even
for the class of simple graphs, the concept muim (mui) is dierent from uim (ui). In
particular Bylka and Komar obtained that every triangle-free graph is multiple uim [2].
An edge clique partition of a graph is a set of cliques of the graph such that every
edge of the graph is contained in exactly one clique of that set. A minimum edge clique
partition is a clique partition with least number of cliques. The edge clique partition
problem is studied by many authors in graph theory. We can easily carry over the
above two Theorems 3.1 and 3.2 and generalize their result as follows:
1. A graph G is multiple uim if and only if it has a unique minimum edge clique
partition upto isomorphism.
2. Every diamond-free graph is multiple uim.
Corollary 3.4. If a connected graph G with p>4 is triangle-free; then its line graph
L(G) is uim.
Corollary 3.5. All triangle-free graphs are uim.
Corollary 3.6. If a graph G is diamond-free and twins-free; then it is ui.
As a matter of fact, we can characterize the diamond-free graphs that are uniquely
intersectable. Before proving this result, we have the following formula for w(G) of
diamond-free graphs. The maximum number of distinct sets that can be built using
k>1 elements such that every two of them have nonempty intersection is 2k−1. So we
have the following.
Lemma 3.7. Suppose G is a diamond-free graph with fQ1; : : : ; Qng as the unique
minimum edge clique cover. Then w(G) =
Pn
i=1 f(mi); where mi is the number of
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vertices in Qi −
S
j 6=i Qj and f(mi) is the integer associated with mi so that
2f(mi)−2<mi62f(mi)−1; mi>1; f(0) = 1:
Theorem 3.8. If a graph G is diamond-free; then the following are equivalent:
1. G is ui;
2. G is twins free;
3. wm(G) = w(G).
Proof. By Corollary 3.6, 2 implies 1 and by Proposition 2.3, 2 implies 3. Hence it
remains to show that each of 1, 3 implies 2.
1 ) 2: Assume without loss of generality that G is connected with p>3. Let
fQ1; : : : ; Qng be the unique minimum edge clique cover consisting of all the maximal
cliques of G. Assume G has a pair of twins u, v in a unique maximal clique Qk . They
have no neighbors outside of Qk since G is diamond-free. As in the proof of Lemma
3.7, we can use the subsets of f1; 2; : : : ; w(G)g to realize the graph by assigning f1g
and f1; 2g to u and v, respectively. Note that 1 and 2 can only appear within Qk . Then
for each cut-vertex in Qk , we can include in the corresponding set either 1 but not 2,
or both 1 and 2 while keeping everything else the same. So G is not ui. If Qk has no
cut-vertex, then G is a complete graph, which is not ui [1], a contradiction. Thus 1
implies 2.
3) 2: Since in the case of multifamily realization all the twins can be assigned the
same set, wm(G)=n, the size of a minimum edge clique cover. However, if G has twins,
then mi>2 and f(mi)>2 for some i and hence by Lemma 3.7, w(G)>n = wm(G),
a contradiction. Thus 3 implies 2.
We can similarly characterize the uniquely intersectable line graphs of triangle-free
graphs as follows.
Corollary 3.9. If a connected graph G is triangle-free with p>4; then the following
are equivalent:
1. L(G) is ui;
2. Each vertex in G is adjacent to at most one vertex of degree 1;
3. w(L(G)) = wm(L(G)) = p(G)− p1(G).
Corollary 3.10. If a diamond-free graph satisfying Assumption 1 is non-pendant
brothers-free; then it is uia.
Remark 3.11. The converse of Corollary 3.10 is not true since a triangle attached to
a square along one side (as shown in Fig. 2) is diamond-free and uia (with wa(G)=5
and each jij= 2), but with non-pendant brothers.
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Fig. 2.
Fig. 3.
4. Examples related to uim
Using previous propositions we obtain several families of uim graphs as in the
following examples.
Example 1. A star p-gon Sp is formed by replacing simultaneously each edge of a
cycle Cp on p vertices by a triangle [9]. For example, S5 is shown in Fig. 3. Note
that Sp is diamond-free if p>4 and hence uim, and twins-free if p>3. Hence Sp are
ui for p>4 by Corollary 3.6 and wm(Sp)=w(Sp) for p>3 by Proposition 2.3. In [1],
S3 was shown to be ui and hence S3 is also uim by Proposition 2.3.
Example 2. The maximal uniquely intersectable graph Hn ’ 
([n]; 2[n]−;) is twins-free
and hence w(Hn)=wm(Hn) and Hn is uim. In [1], it was shown that Hn− v is also ui,
where v is any vertex of Hn. We now study the unique intersectability with respect to
multifamilies for the graphs Hn − v.
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Proposition 4.1. For n>3;
1. Hn − f1g is not uim and wm(Hn − f1g) = n; and
2. Hn − f1; 2; : : : ; ig is uim and wm(Hn − f1; 2; : : : ; ig) = n for 26i6n.
Proof. Part 2 follows from the fact that Hn − f1; 2; : : : ; ig is twins-free for 26i6n
and hence by Proposition 2.3, wm(Hn − f1; 2; : : : ; ig) = w(Hn − f1; 2; : : : ; ig) = n and
Hn − f1; 2; : : : ; ig is uim since it is ui [1].
As for part 1, it suces to show that wm(Hn−f1g)=n, because if it is so, since there
exists a pair of twins f2; : : : ; ng and f1; : : : ; ng, there exist two non-isomorphic mul-
tifamily realizations for the graph Hn − f1g, namely 2[n] − ; − f1g and 2[n] − ; −
f1g − f2; : : : ; ng + f1; 2; : : : ; ng (i.e., f2; : : : ; ng is replaced with a second copy of
f1; 2; : : : ; ng). Thus Hn − f1g is not uim. To show that wm(Hn − f1g) = n, notice
that f2; : : : ; ng and f1; 2; : : : ; ng are the only pair of twins in Hn − f1g, thus we have
wm(Hn −f1g) =wm(Hn −f1g− f2; : : : ; ng) and Hn −f1g− f2; : : : ; ng is twins-free, so
again by Proposition 2.3, wm(Hn−f1g−f2; : : : ; ng)=w(Hn−f1g−f2; : : : ; ng). Now it
follows that wm(Hn−f1g)=w(Hn−f1g−f2; : : : ; ng)=n since (2n−1)−2> (2n−1−1)
for n>3, which implies that the graph Hn−f1g−f2; : : : ; ng cannot be realized by any
distinct family of subsets of a set with less than n elements.
Thus Hn − v is uim except when the corresponding v is a one element subset of
[n], even though these graphs are not diamond-free.
Example 3. The wheels Wn (n>4) are twins-free, but they are not ui [9] and hence
not uim by Proposition 2.3. However, w(Wn) = wm(Wn) by the same proposition.
Example 4. The family of regular graphs Gn; m, n>2m which are the intersection
graphs with respect to all m-subsets of an n-set are brothers-free, thus wm(Gn; m) =
w(Gn; m) = wa(Gn; m). Also they are uim and uia since they are ui [10]. Notice that
Gn; m are not diamond-free.
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